The concept of Virtual Synchronous Machines (VSMs) is emerging as a flexible approach for controlling power electronic converters in grid-connected as well as in stand-alone or microgrid applications. Several VSM implementations have been proposed, with the emulation of inertia and damping of a traditional Synchronous Machine (SM) as their common feature. This paper investigates a VSM implementation based on a Voltage Source Converter (VSC), where a virtual swing equation provides the phase orientation of cascaded voltage and current controllers in a synchronous reference frame. The control system also includes a virtual impedance and an outer loop frequency droop controller which is functionally equivalent to the governor of a traditional SM. The inherent capability of the investigated VSM implementation to operate in both grid-connected and islanded mode is demonstrated by numerical simulations. Then, a linearized small-signal model of the VSM operated in islanded mode while feeding a local load is developed and verified by comparing its dynamic response to the time-domain simulation of a nonlinear system model. Finally, this small-signal model is applied to identify the dominant modes of the system and to investigate their parametric sensitivity.
Introduction
Virtual Synchronous Machines (VSMs) have recently been proposed as a suitable concept for controlling power electronic converters in power system applications [1] [2] [3] [4] . In the context of large-scale power systems, VSMs can provide a flexible approach for introducing additional damping and virtual inertia as an inherent part of the control system of grid integrated Voltage Source Converters (VSCs) [2, 5, 6] . A few proposed implementations of the VSM concept can also allow for stand-alone and parallel-connected operation in Microgrids or other isolated system configurations with similar performance and flexibility as traditional Synchronous Machines (SMs) [4, [7] [8] [9] .
The VSM concept is still in an early stage of development and many possible implementations, targeted for various types of applications, have been proposed, as reviewed in [4, 10] . Thus, most publications until now have been mainly concerned with the development of particular VSM implementations and the presentation of case studies demonstrating the corresponding operational features. A systematic small-signal analysis of a specific VSM implementation was first presented in [11] , intended for controller tuning and stability improvement by utilizing the sensitivities of the system eigenvalues with respect to the controller parameters.
The VSC control system investigated in [11] included only the VSM swing equation for damping and inertia emulation, a droopbased reactive power controller according to [12, 13] and cascaded voltage and current control loops. However, there was no external power control included in the model, and the implementation of the damping of the VSM did not automatically take into account variations in the steady-state grid frequency. Thus, the applicability of the studied control system was limited to either stand-alone operation for feeding a local load or the operation in a strong grid with a known, fixed, frequency. An extension of the VSM control system design described in [11] was presented in [14] . To achieve full flexibility in allowable operating conditions, the resulting control system included an outer loop frequency droop controller with functionality equivalent to the steady-state control characteristics of traditional SMs [16] . A Phase Locked Loop (PLL) [17, 18] was also introduced for tracking the actual grid frequency needed for implementing the VSM inertial damping under deviations from the nominal grid frequency. Furthermore, a virtual impedance, similar to the implementations proposed in [19, 20] VSM to improve the decoupling between active and reactive power when operating in resistive grids. Active damping of LC-oscillations was also introduced to ensure stable operation of the VSM in case of LC or LCL filters as the grid side interface of the VSC [21, 22] . Mathematical models for all the individual elements of the investigated VSM configuration were described in detail in [14] , and a corresponding small-signal state-space model of the entire system was developed, verified and analyzed for grid connected operation. The same control system and the corresponding small signal model for grid connected operation was further elaborated and analyzed in [15] .
Although the mathematical model and the analysis of the VSM implementation from [14] and [15] were only valid for grid connected operation, the presented VSM implementation was also intrinsically suitable for stand-alone operation. This paper will start from the same control system implementation and the corresponding model description as presented in [14] , and will demonstrate the inherent capability of this VSM implementation for both grid-connected and stand-alone operation by timedomain simulations. A nonlinear analytical model for stand-alone operation will be formulated and linearized to obtain a small-signal state-space representation. This model will be validated by simulations of the nonlinear system model and applied to study the small-signal dynamic properties of the VSM in islanded operation. In particular, the model will be used to analyze the influence of operating conditions on the VSM performance in stand-alone mode, and to identify the parametric sensitivity of the dominant eigenvalues. Together with the results presented in [14] , this will provide a complete framework for analyzing the tuning and the dynamic operation of the investigated VSM implementation in both grid-connected and stand-alone operation.
Virtual synchronous machine modeling
This section presents the investigated VSM-based control scheme and the modeling of its functional elements. It is assumed that the dc-link of the VSC is connected to an energy storage unit or to a source with sufficient available buffer capacity. The dc voltage is assumed to be determined by this source, so the modeling and control of the dc side of the converter will not be further discussed. Although most parts of the model description are available in [14] , all main equations and descriptions are repeated here for completeness of the presentation when introducing the adaptations required to represent the VSM in stand-alone operation.
System configuration and control system overview
An overview of the studied VSM configuration is shown in Fig. 1 , where a VSC is connected to a grid or a local load through an LC filter. For simplicity in the modeling, the local load is connected in parallel to a stiff voltage source. Thus, the investigated system will represent grid connected operation when the breaker indicated in the figure is closed as discussed in [14] , while it will represent stand-alone operation for feeding a local load when the breaker is open.
As indicated in Fig. 1 , the VSM-based power control with virtual inertia provides frequency and phase angle references to the VSC control system while a reactive power controller provides the voltage amplitude reference. Thus, the VSM inertia and the reactive power controller appear as outer loops providing the references for the cascaded voltage and current controllers in a synchronously rotating reference frame. A PLL detects the actual grid frequency, but it should be noted that this frequency is only used for implementing the damping term of the VSM swing equation. Thus, the reference frame orientation of the inner loop controllers of the VSC is determined only by the power-balance-based synchronization mechanism of the VSM inertia and does not rely on the PLL as in conventional control systems. This applies both when grid connected and in stand-alone operation where the operating frequency of the VSM will be determined by the power balance of the VSM and the power-frequency droop settings. This functionality will not be influenced by the PLL, which will continue to track the actual frequency of the voltage at the filter capacitors independently of changes in the operating mode.
Non-linear system model
In the following subsections, the mathematical models of the different elements of the system from Fig. 1 Fig. 1 . Overview of investigated system configuration and control structure for the virtual synchronous machine in grid connected and islanded operation. feedback in the outer loops. However, it should be noted that a modeling based on continuous-time approximations is applied, so the model does not aim to replicate nonlinear effects introduced by the switching operation of the converter or the discrete time implementation of the control system. It is also assumed that the VSM is kept within its normal operating range, so any nonlinear effects caused by saturation of reference signals or by voltage saturation due to limited available dc-voltage are not considered. The resulting nonlinear model will serve as a basis for the derivation of a linearized small-signal model of the VSM in islanded operation while feeding a local load.
Modeling conventions
Upper case symbols in Fig. 1 represent physical values, while the modeling will be presented in per unit quantities, denoted by lower case letters. The base values for the per unit system are defined from the total kVA rating of the converter and the peak value of the rated phase voltage. Transformations of three phase variables into Synchronous Reference Frames (SRFs) are based on the amplitude-invariant Park transformation [26] . Thus, per unit active and reactive powers are defined according to (1) . The current directions indicated in Fig. 1 
Whenever possible, SRF equations will be presented in complex space vector notation according to:
Electrical system equations For modeling of the electrical system, an instantaneous average value model will be used for the VSC. In islanded operation of the VSM, the electrical circuit model from Fig. 1 includes an LC-filter in addition to the series RL equivalents for representing the grid impedance and the load. The state space equations of the AC system in a synchronously rotating reference frame defined by the VSM can then be expressed as given by (3) [12, 27] .
In these equations i cv is the current in the converter and filter inductor, v cv is the converter output voltage, v o is the voltage at the filter capacitors and i g is the current flowing into the grid or load equivalent. The inductance and equivalent resistance of the filter inductor are given by l f and r lf , the filter capacitor is c f , while the inductance and resistance of the grid and the load are given by l g ; r g ; l l and r l respectively. The per unit frequency determined by the VSM is given by x VSM , while the base angular grid frequency is defined by x b .
Current controllers and active damping
The inner loop current controllers of the VSM control structure are conventional SRF PI controllers with decoupling terms according to [12, 27] , and are shown in the right side part of Fig. 2 . The output voltage reference from the PI controller is therefore defined by (4) , where the resulting voltage reference for the converter is denoted by v Ã cv while the current reference tracked by the controller is given by i Ã cv . The proportional and integral gains of the PI controller are defined by k pc and k ic , and c is defined to represent the states for the integrators of the PI controllers according to (5) .
In (4), a gain factor k ff v , which can be set to 0 or 1, is used to disable or enable the voltage feed-forward in the output of the controllers. It should be noted that the decoupling terms of the current controllers are based on the per unit angular frequency x VSM originating from the VSM inertia emulation.
The voltage reference for the converter also includes an active damping term designed for suppressing LC oscillations in the filter [21, 22] . The implementation of the active damping algorithm applied in this case is shown in Fig. 3 , and the damping voltage reference v Ã AD is based on the difference between the measured filter voltage v o and the low pass filtered value of the same voltage, scaled by the gain k AD . The corresponding internal states u are defined by (6) , where x AD is the cut-off frequency of the applied low-pass filters. [23] . Neglecting the delay effect of the PWM implementation, the instantaneous average value of the converter output voltage is given by the product of the modulation index and the actual dcvoltage. Thus, calculating the modulation index by the division indicated in the figure ensures that the per unit output converter voltage will be approximately equal to the voltage reference from the current controller, as summarized by (7) . Since this will effectively decouple the AC side control of the converter from variations in the dc voltage, the dynamic response of the dc source does not have to be included in the modeling of the VSM for the purpose of the presented study.
Voltage controllers and virtual impedance The structure of the SRF voltage controller for the filter capacitor voltage is shown in the middle of Fig. 2 and is based on the same principles as the current controller [12] . Thus, the current reference used in (4) results from the voltage controller as given by (8) . In this equation, the PI controller gains are defined by k pv and k iv , while the gain k ffi is used to enable or disable the feed-forward of measured currents flowing into the grid. The integrator state n of the PI controllers is defined by (9) .
The voltage reference vector v Ã o used in (8) and (9) is a result of the voltage amplitude referencev rÃ provided by the reactive power control loop and the virtual impedance. The influence from the virtual resistance r v and inductance l v on the capacitor voltage reference is defined on basis of the current i o according to (10) , as illustrated to the left of Fig. 2 .
Reactive power droop controller The droop-based reactive power controller is shown in Fig. 4 and is similar to the controllers commonly applied in microgrid systems as discussed in [12, 13] . As shown in the figure, the voltage referencev rÃ used as input to the virtual impedance from (10) is calculated by (11) wherev Ã is the external voltage amplitude reference and q Ã is the reactive power reference. The gain k q is the reactive power droop gain acting on the difference between the reactive power reference and the filtered reactive power measurement q m . The state of the corresponding low pass filter is defined by (12) , where x f is the cut-off frequency.
VSM swing equation and inertia emulation
The main difference between a VSM-based control structure and conventional VSC control systems is the inertia emulation by the VSM swing equation. For the investigated VSM implementation, the swing equation is linearized with respect to the speed so that the power balance determines the acceleration of the inertia as shown to the right in Fig. 5 [4, 11] . In this figure, p rÃ is the virtual mechanical input power, p is the measured electrical power, and the mechanical time constant is defined as T a (corresponding to 2H in a traditional SM). The per unit mechanical speed x VSM of the virtual inertia is resulting from the integral of the power balance, and the corresponding instantaneous phase angle h VSM representing the position of the VSM-oriented SRF in the stationary reference frame is given by the integral of the speed. As shown in the figure, the VSM damping power p d represents the damping effect in a traditional synchronous machine. This damping power is defined by the damping constant k d and the difference between the VSM speed and the actual grid frequency, which in this case will be provided by a PLL as will be discussed in the following subsection.
For the investigated VSM configuration, an external steadystate frequency droop is also included in the power control of the VSM as shown in the left part of Fig. 5 . This frequency control loop is characterized by the droop constant k x which is acting on the difference between the frequency reference x Ã VSM and the actual VSM speed. The system also has an external power reference input or set-point given by p Ã . Thus, the total power balance of the VSM inertia can be expressed by: During islanded operation, the system frequency is determined by the VSM speed, and there is no phase displacement between the VSM internal voltage and any external voltage source that must be explicitly modeled. Thus, the phase orientation of the SRF does not have to be represented for a model defined in the VSM-oriented SRF, and the state-space model for the VSM in islanded operation will have one state less than the model for grid connected operation from [14] . The instantaneous phase angle h VSM associated with the VSM inertia will, however, be defined directly according to the block diagram of Fig. 5 , as given by (14) . As for the model in grid connected mode, this will be a saw-tooth signal between 0 and 2p which will be used for transformations between the SRF defined by the VSM inertia and the three phase electrical system as indicated in Fig. 1 , but it will not be represented as a state variable in the VSM-oriented SRF model.
Phase locked loop The basic scheme of the Phase Locked Loop (PLL) used to track the frequency of the voltage at the filter capacitors is based on [17, 18] and its structure is shown in Fig. 6 . This PLL is using first order low-pass filters on the estimated d-and q-axis voltages and an inverse tangent function to estimate the actual phase angle error of the PLL. This phase angle error is the input to a PI controller which is used to eliminate the frequency error with respect to the speed of the VSM. Thus, the VSM speed is used as a feed-forward signal in the PLL, as indicated in the figure. This is a similar approach as used in the recently proposed PLLs with secondary control path [24, 25] , where a dynamic feed-forward of estimated frequency is used as an offset to the output of the PI-controller of the PLL. However, the frequency feed-forward is in this case not an estimate, since the actual VSM frequency is directly available in the control system. The resulting frequency x PLL estimated by the PLL is integrated to obtain the estimate of the corresponding phase angle.
The states of the low-pass filters of the PLL, resulting in the filtered voltage v PLL , is given by (15) , where the last term shows the transformation of the voltage vector v o into the local reference frame defined by the PLL. The cut-off frequency of the applied low pass filters is given by x LP;PLL .
dv PLL dt
The integrator state e PLL of the PI controller is defined by (16) , and the per unit speed deviation dx PLL between the SRFs defined by the PLL and the VSM is defined by (17) for SRF-based small-signal modeling. The corresponding phase angle difference dh PLL between the local reference frame defined by the PLL and the VSM-oriented reference frame, is defined by (18) , in a similar way as described for the grid connected operation in [14] .
The actual per unit frequency x PLL detected by the PLL is defined by (19) , and will always settle to the same value as the VSM speed in steady state. In the same way as for the VSM, the phase angle used for the transformation of the measured three phase voltages into the local SRF defined by the PLL is defined by h PLL according to (20) .
Reference frame transformations Considering the control system in Fig. 1 , the VSM swing equation in Fig. 5 and the explanations in the previous subsections, it should be clear that the entire control system except for the PLL is implemented in a SRF defined by the angular position h VSM of the VSM virtual inertia. Thus, the electrical circuit is also modeled in the same VSM-oriented SRF, while the PLL is defining a local SRF based on the voltages at the filter capacitors. For the investigated case of islanded operation, the phase angle orientation of the PLL is defined with respect to the VSM-oriented SRF by dh PLL . This angle can also be considered as the difference between the instantaneous phase angle h VSM of the VSM internal voltage and the estimated phase angle h PLL of the filter capacitor voltages. An overview of the voltage vectors and phase angles defining the SRF transformations of the control system is shown in Fig. 7 . This figure indicates how the dq reference frame defined by the VSM is used as the main SRF orientation for the modeling of the system. From the phase angles defined in the vector diagram, it is also clearly seen how h VSM and h PLL are representing the actual phase angles used for transformations between the stationary reference frame and the SRFs used for controller implementation and modeling of the system. The figure also shows how dh PLL defined by (18) represents the phase displacement between the VSM-oriented and PLL-oriented SRFs.
Linearized system model
A non-linear state-space model of the electrical grid and the VSM control system can be established by reducing the equations presented in the previous section, and the resulting set of equations is given by (24) in the Appendix A. The state variables x and input signals u of the investigated VSM model for islanded operation are listed in (21) , resulting in a state space model of 18 th order.
The corresponding linearized small-signal state space model of the system can be found from the non-linear model in (24) and defined on the general form given by (22) [26] .
The model defined by (22) is only expressing small-signal deviations around the point of linearization, and the states and inputs are therefore denoted by D. For the elements in the A and B matrices depending on the linearization point of the system, the initial operating points of the states are denoted by subscript 0 and must be found by solving for the steady state solution of (24) with a given set of reference signals and system parameters. The elements of the resulting small-signal state-space equation of the VSM are presented by Eqs. (26)- (29) in the Appendix A.
Analysis of The VSM in islanded operation
This section analyses the behavior of the proposed VSM implementation in islanded operation. The presented analysis is intended to complement the studies of the same control system in grid connected operation from [14] and [15] . Thus, together these studies should provide a comprehensive analysis of the functional behavior and dynamic characteristics of the investigated VSM scheme in both grid connected and stand-alone operation. For this reason, the main system parameters used for the simulations and numerical analysis, as listed in Table 1 , are maintained the same as in [14] . In addition to the parameters listed in the table, it should be mentioned that the active damping is disabled by setting the gain k AD equal to zero and that the voltage feed-forward for the current controller is enabled while the current feed-forward for the voltage controller is disabled.
As a starting point, the inherent ability of the investigated VSM implementation to operate in both grid connected and stand-alone modes is demonstrated by a simulation example showing the response to a sudden islanding condition. Then, the validity of the linearized model for islanded operation developed in the previous sections is verified by numerical simulations before it is used to analyze the eigenvalues and parametric sensitivities of the VSM when feeding a local load.
Simulated response to sudden islanding
As already explained, an essential feature characterizing the investigated VSM implementation is the possibility to operate both in grid connected and islanded mode. Moreover, the transition between the two operating modes is almost seamless and does not require any modification to the internal control configuration or controller settings, and transition from grid connected to islanded operation does not depend on any islanding detection algorithm. To demonstrate this, an example of a sudden transition from grid connected operation to islanded mode while feeding a local load has been simulated numerically in the Matlab/ Simulink environment, based on the system configuration from Fig. 1 and the parameters listed in Table 1 . The simulation model includes a full representation of the electrical system by the SimPowerSystems block-set of Simulink, with the only simplification that an ideal average model of the converter, represented as a controllable three-phase voltage source, is used for the VSC.
The main results from the simulation are displayed in Figs. 8 and 9. The VSM is initially in steady state operation, connected to a grid represented by an ideal voltage source. The power reference for the VSM is set to 0.7 pu and the frequency reference as well as the grid frequency are equal to 1.0 pu. As shown in Fig. 8(a) , the output power of the VSM is following its reference value when the system is grid connected. Then, at time t = 0.5 s, the grid is disconnected and the VSM unit remains connected to a local load represented by a simple RL-equivalent with a resistance of 2.0 pu and an inductance of 0.2 pu. When the islanding condition occurs, the output power from the VSM is rapidly decreased to approximately 0.44 pu which is the sum of the power consumed by the load and the resistive losses of the grid equivalent. The change in the power output is also reflected in the output current from the VSM as pictured in Fig. 8(b) . The response in the voltage amplitude at the filter capacitors is shown in Fig. 8(c) , and after a short transient due to the breaker operation in the grid, there is a small drop in voltage due to the reactive power consumption of the local load. The response in the speed of the VSM is shown in Fig. 9 , and since the local load is lower than the power reference, the frequency is increased in response to the islanding condition. However, the VSM unit manages to preserve the voltage amplitude and frequency within the normal operating range, and the load experiences less than 4% variation in voltage and less than 1.5% variation in the steady-state frequency. It should be emphasized that during the transition, the external references and the 
internal controller settings are unaltered, but still another steady state condition is reached smoothly within approximately 1.5 s. The VSM speed exhibits a classical damped oscillatory behavior similar to a synchronous machine, while the power, voltages and currents adapt to the new operating conditions through a much faster, well damped, transient response.
Model validation
The validity of the small-signal state-space model documented in Appendix A is verified by comparing its dynamic response to the response of a non-linear simulation model. The same model as applied for the simulations shown in the previous sub-section is applied with only minor modifications in the signal routing to allow for direct comparison with a parallel simulation of the linearized state-space model.
The model validity has been verified for the full operating range of the VSM by multiple simulations, but will be illustrated for one particular example by the following figures. For this simulation case, a steady-state operating point with an active power reference of 0.44 pu, resulting in VSM speed equal to the reference value of 1.0 pu while feeding the local RL load in islanded mode, is used for the linearization. However, the system is initially simulated with a power reference of 0.7 pu corresponding to the same operating conditions as resulting from the sudden islanding condition simulated in the previous sub-section. At time t = 0.5 s, the power reference is stepped down to the value of 0.44 pu as used for the linearization.
Comparisons of the response obtained with the electrical simulation model and the linearized small-signal state-space model are shown in Figs. 10-12 . The results in Fig. 10(a) clearly show that the speed response of the VSM, and thus the power-balance-dependent operating frequency of the system, is accurately represented by the small-signal model. Similarly, the voltage amplitude at the filter capacitors and the output power of the VSM, which can be calculated from the state variables of the small-signal model, are also coinciding with the results from the nonlinear electrical simulation model. The phase angle displacement between the VSM orientation and the local SRF defined by the PLL is shown in Fig. 11 , and is also accurately represented by the small signal model. The d-and q-axis components of the output currents from the VSM are shown in Fig. 12 , and in this case a very small deviation can be seen between the two models. Although it might be expected that the operation before time Electrical simulation Small-signal model Fig. 10 . Comparison of step response in active power output, filter capacitor voltage and VSM speed resulting from nonlinear simulations and the linearized small-signal model when the active power reference is stepped down from 0.7 pu to the actual load of the system. t = 0.5 s should show some deviations since the small-signal model is then operating away from the linearization point, a small deviation can also be observed in the steady-state operation corresponding to the linearization point. This is mainly because the detailed electrical simulation model inherently implies minor delays associated with the numerical implementation and the transformations between the different reference frames, while these effects are not represented in the small-signal state-space model. However, the deviations are very small, and most of the curves produced by the two models are practically overlapping. Thus, the presented results clearly demonstrate that the linearized model can accurately capture the dynamic response of the system. It should be noted that a similar degree of accuracy is obtained also for the other state variables in the system, and that the accuracy is not much affected by the operating conditions and the corresponding linearization point.
From the plotted results, it can be observed that the step change in the power reference leads to an over-damped transient response and that the system reaches a new steady-state condition in approximately 0.5 s. As expected, the frequency is slightly reduced when the power reference is reduced, as shown in Fig. 10(a) . The voltage amplitude and the output active power are slightly increased, and the main reason for this is that the reduced frequency leads to a reduced voltage drop across the internal virtual impedance of the VSM, which again causes higher output voltage and accordingly higher power consumption in the load resistance.
From the plotted curves it should also be noticed that the system shows a more damped response than usually expected from a traditional SM. This is because the damping of the VSM can be specified to a high value without considering any of the design constraints influencing the parameters of a physical SM.
System eigenvalue analysis
Since the developed linearized small-signal model has been shown to accurately represent the investigated system, the eigenvalues of the A matrix can be calculated to systematically identify all the modes of the system. All the system eigenvalues for the steady-state operating point corresponding to islanded operation with 0.44 pu power reference are listed in Table 2 . For studying system stability, the slow and poorly damped poles will be of main interest, and from the listed poles it can be noticed that the system has several real poles and one pair of complex conjugate poles close to the origin. There are also two pairs of poles with a relatively high oscillation frequency associated with the LC resonances in the system. However, in the case of islanded operation with a local RL-load, the damping of these poles is significantly higher than for the case of grid connected operation discussed in [14] . This is mainly because the resistance of the local RL-load is directly introducing more damping to the electrical circuit compared to the case of grid connected operation.
As already seen from the time-domain simulations, the system is stable with the parameters and operating conditions specified in Table 1 . However, the small-signal model can easily be utilized to further investigate the dynamic characteristics of the system under various operating conditions and with various system parameters. As a first example, the eigenvalue trajectory of the system when sweeping the active power reference in the full operating range from À1.0 pu to 1.0 pu is shown in Fig. 13(a) where the color gradient from blue towards red indicate the change of the power reference. As already explained, the steady state frequency and operating conditions of the system will change if the power reference is changed while the load is kept constant. However, the pole trajectory in Fig. 13(a) shows that the system eigenvalues are not much influenced by the change of power reference, indicating that variations in the steady-state operating frequency due to the power-frequency droop will not have significant impact on the dynamic response of the VSM.
A further investigation on how changes of system parameters are influencing the dynamic response of the investigated VSM configuration is shown in Fig. 13(b) and (c) where the load resistance is swept from a high load case of 0.9 pu to 1000 pu corresponding to almost open circuit, no-load, conditions. An overview of the 
Table 2
System eigenvalues under stand-alone operation.
k 11;12 = À639 ± j 169 k 2 = À20 k 13 = À4722 k 3 = À500 k 14;15 = À13 ± j 38 k 4;5 = À1351 ± j 3 226 k 16 = À9.5 k 6;7 = À1124 ± j 3 058
resulting trajectories for all the system eigenvalues is shown in Fig. 13 (b) while a zoom of the eigenvalues closest to the origin is shown in Fig. 13(c) . From these figures, it is clearly seen that the oscillatory eigenvalues associated with the LC resonances in the system are strongly influenced by the load resistance, which is directly influencing the damping of the electrical system. When the load resistance is increasing, these eigenvalues start moving towards the right but if the load resistance becomes very large, i.e. when the load becomes very low, they start moving towards the right again while almost no current will flow towards the load. It can also be seen that two sets of complex conjugate pole pairs with low oscillation frequency are monotonously moving towards the right when the load resistance increases, and this is because these modes are related to the RL-time constants of the system. Thus, most oscillatory modes in the system will always be more damped for the islanded operation with a local RL-load than for the grid connected operation analyzed in [14] . However, if the load is not passive, but instead represented by a controlled converter, the eigenvalues associated with LC-oscillations in the electrical system will have a stronger influence on the system dynamics in a similar way as for the operation in grid connected mode [14] .
Observing the zoom of the trajectories for the slowest eigenvalues of the system shown in Fig. 13(c) , it can be noticed that they are not much influenced by the load resistance. Thus, the dominant transient responses to small variations in system operating conditions will not strongly depend on the loading of the system. However, further analysis of the system eigenvalues can be applied to reveal and understand how the different eigenvalues are influenced by the system parameters and how the system can be tuned to improve the dynamic response.
Parameter sensitivity of dominant system eigenvalues Investigation of the system stability by ad hoc variations of the controller parameters and corresponding calculation of system poles is challenging for a high order system as the investigated VSM. Instead, the sensitivity of the most critical poles with respect to the system parameters can be investigated in order to reveal which parameters will influence the different eigenvalues and for identifying measures that might ensure system stability and satisfactory dynamic response.
The parameter sensitivity of the system poles is defined as the derivative of the eigenvalues with respect to the system parameters. For a dynamic system of order N and with a set of K tunable parameters, the sensitivities define a sensitivity matrix of N by K complex elements. The relative sensitivity a n;k of the eigenvalue k n with respect to the parameter q k can be expressed by (23) , where W T n and U n are the left and right eigenvectors associated to the eigenvalue k n [26, 28] .
The real part of the sensitivities is directly associated to the derivatives of the pole location along the real axis with respect to each parameters, where a positive value means that an increase of the actual parameter will move the corresponding pole to the right. Similarly, the imaginary part of the sensitivity is associated to the derivative of the pole location along the imaginary axis. However, since the real parts of the pole locations determine the stability and the corresponding time constant of the associated system mode, only the real part of the sensitivity matrix will be investigated in the following.
Examples of the calculated parametric sensitivities for two of the system poles are plotted in Figs. 14 and 15 , where Fig. 14 shows the parameter sensitivity of the slowest pole in the system, while Fig. 15 shows the parameter sensitivity of the slowest complex conjugate pole pair in the system. From Fig. 14 , it can be noticed that the slowest pole is mainly dependent on the mechanical time constant, the frequency droop gain and the virtual impedance, and could be made faster by reducing T a or l v , or by increasing k x or r v . However, since this pole is not much influenced by any of the other parameters, it is also unlikely to cause instability in the system. Thus, this pole might be dominant in the transient response for any of the system states, but is not a critical pole in the sense that it can easily cause instability.
The complex conjugate pole pair studied in Fig. 15 is also significantly influenced by the virtual impedance and the mechanical time constant, but is further influenced by the integral gain of the PLL and the total equivalent resistance r t and inductance l t resulting from the series connection of the grid equivalent and the RLload. Since all of these parameters, except for the system impedance, can be selected during the control system design and will not change due to external conditions during normal operation, it is also unlikely that this pole pair will cause instability. However, it should be noted that although the controller parameters can be utilized to speed-up the transient response of this mode, the mechanical time constant and the virtual impedance will usually be selected according to other criteria. Thus, it is limited how much the transient response of this pole pair can be improved without degrading the intended performance of the VSM. On the other hand, it is again demonstrated how the investigated VSM implementation has a faster and more damped response when feeding a local load under islanding conditions than when connected to the grid. In case it is possible to identify operating conditions or special events where the system eigenvalues are close to the stability limit or the system has poor dynamic performance due to poles located close to 0, the parameter sensitivities can be used for the tuning of the system, either by manual analysis or by automated iterative procedures as investigated in [11, 29] .
Conclusion
This paper has presented the detailed modeling and analysis of a Virtual Synchronous Machine (VSM) configuration operated under islanded conditions. The VSM inertia emulation is based on the simplified swing equation of traditional synchronous machines and provides a power-balance-based grid synchronization of the converter control system when connected to an external grid. However, the same swing equation can also establish the power balance and corresponding operating frequency under islanded operation. This has been demonstrated by simulations, showing a seamless transfer from grid connected to stand-alone operation of the VSM. Each individual element of the investigated control system has also been presented in detail, and the corresponding equations needed for developing a linearized small-signal model of the overall system under islanded conditions have been derived. The validity of the developed small-signal model has been verified by comparison to a simulation model of the system including the nonlinearities, and has been applied to analyze the system eigenvalues and their sensitivities with respect to the system parameters. Combined with the results from previous investigations of the VSM under grid connected operation, the presented results for islanded operation are providing enhanced insight into the dynamic characteristics and internal modes of the investigated VSM configuration under various operating conditions. Relative parametric sensitivity 
